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1 Introduction
The phase-field method is versatile in describing and 
predicting the size, morphology, and spatial distribution 
of local structure during the evolution of a complex 
microstructure. Based on the Ginzburg-Landau theory 
of phase transitions, phase-field equations have been 
developed to consider the combined action of the 
phase-field variables, kinetics, applied external fields, 
and different thermodynamic driving forces. The 
numerical solution to the phase-field equations can 
reproduce the morphology and motion of interfaces in 
real-time, thus avoiding the explicit tracking of interface 
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positions [1-3]. The method has been extensively used 
in the simulation of microstructure evolution during 
solidification.

In recent years, great progress has been made 
in understanding the mechanisms of solidification 
microstructure evolution using the phase-field method [3-6]. 
Among these studies, WBM model [7], KKS model [8],
and the multi-phase-field model [9, 10] are most 
commonly used. Although these models can provide 
a good description of the solidification microstructure 
evolution in alloys, the problems of spurious kinetics 
and solute trapping are not resolved, which become 
non-trivial when the scale of interfacial thickness 
is considerably larger than the capillary length, 
thus limiting the simulation scale [11]. To solve this 
problem, Karma et al. [12, 13] proposed a quantitative 
model to cancel spurious kinetics effects, such as the 
interface stretching and surface diffusion arising from 
the interface width, which also guaranteed the local 
chemical equilibrium at the interface. An anti-trapping 
current was introduced into the model to adjust the 
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unbalanced solute distribution and avoid the abnormal solute 
trapping effect, which made it possible to quantitatively 
simulate the solidification alloys. To date, the Karma model has 
been extensively applied to the investigation of multi-dendritic 
growth [14-17]. Ofori-Opoku et al. [18] quantitatively reproduced the 
solute segregation and dendrite morphology at different growth 
stages. Nevertheless, they ignored the role of latent heat during 
dendritic growth. Subsequently, Chen et al. [19] also predicted the 
effect of solute diffusion on dendrite growth during polycrystalline 
growth, and quantitatively analyzed the variation of tip 
velocity and concentration of different dendrite arms in the 
same dendrite. The model treated the temperature field using 
the "frozen temperature approximation". In the same way, 
Yang et al. [20] and Gong et al. [21] studied the effects of cooling 
rate and undercooling on the growth behavior of dendrites 
respectively, and found that the increase of both factors would 
lead to the increase of solid volume fraction and dendrite growth 
rate. Wu et al. [22] studied the non-isothermal solidification of 
multi-dendritic growth. Ren et al. [23] investigated dendrites 
impingement and coarsening, showing the free dendrite 
growth at initial solidification stages while the dendrite 
impingement at later stages, which would accompany 
significant latent heat release, slowing down the growth 
and promoting the coarsening of dendrites. However, the 
contribution of latent heat release to the growth kinetics of 
dendrites, such as dendrite growth rate, tip radius and solute 
distribution, has not been explicitly investigated. Most of 
the models mentioned above have either considered the 
isothermal case or used the frozen temperature approximation, 
while neglected the latent heat release and multi-dendrites 
interactions during solidification. Furthermore, most of these 
works were devoted to cubic alloys, while the simulation of 
hexagonal alloys started only very recently due to the complex 
anisotropy and diverse growth orientation [24-26]. Therefore, the 
non-isothermal solidification model of hexagonal materials 
requires more research efforts.

In this study, to further understand the competitive growth 
of multi-dendrites during non-isothermal solidification, a 
phase-field model containing latent heat of solidification was 
established based on the Karma model, which introduced 
interaction energy to reflect the interaction between dendrites [18].
The convergence study using different phase-field parameters 
was performed firstly. In this convergence study, the effects 
of spatial step and coupling coefficient on dendrite growth 
were quantitatively described, and the optimal stimulation 
parameters were obtained. The variation of solid fraction 
and growth rate under different Lewis coefficients and 
undercooling was revealed. The growth behavior of different 
dendrite arms during polycrystalline growth was analyzed. 
The simulation results were compared with the Johnson-Mehl-
Avrami-Kolmogorov (JMAK) theory [27-29], which further 
confirm the model's capability of describing the interaction 
between dendrites effectively. Finally, the solidification 
process of Mg-6Gd-2Zn (wt.%) alloy was simulated and 
compared with experimental results. 

2 Phase-field model for non-isothermal 
and polycrystalline alloys
2.1 Temperature in non-isothermal solidification
A multicomponent dilute alloy's solidification process of N 's 
components consistent with equal specific heat cp at constant 
pressure in the liquid and solid is considered, and the diffusion 
coefficient of solid solute is zero. Also, in this study, the 
dependence of the thermal diffusivities on the temperature T 
was taken into consideration. In sharp-interface equations, the 
T at the interface obeys Gibbs-Thomson relation as follows [30]:

where TM is the pure solvent's melting temperature, mi is the 
liquidus slope of element i, cl,i is the element i concentration at 
the liquid side of interface, Γ is the Gibbs-Thomson coefficient, 
κ is the local interface curvature, Vn is the interface's normal 
velocity,  µk is the linear kinetic coefficient.

To connect the sharp-interface and the following phase-
field model, it's convenient to introduce the dimensionless 
temperature θ with respect to the temperature at equilibrium 
state:

where                             ,      is the value of equilibrium liquid 
concentration of element i, and L is the fusion's latent heat.

2.2 Phase-field model
In this work, a set of order parameter φi(r,t) was introduced 
to describe different phases at the given location and time, 
which satisfied -1≤φi≤1, where φi=-1 represents the liquid, 
φi=1 represents solid. Normally, the value φi is 1 while the 
other φj for j≠i is -1 with a specified orientation [18] in the 
i-th grain of the solid-phase. The values of φi(r,t) smoothly 
across the interface and grain boundaries are different. 
The supersaturation field ui(r,t) can characterize the solute 
concentration field ci(r,t):

where ki is the solute partition coefficient of element i. h(φi)=-1
+Σi(φi+1) is an interpolation function varies between -1 and 1. 

The interfacial anisotropy is introduced, which can be 
expressed as:

(4)

where ε0=0.008, ε6=0.07,  is the angle of the interface normal 
of each grain with the x-axis, 0 is the angle between the 
crystallographic axis and x-axis.

The governing equations for the phase-field modeling of 
non-isothermal and polycrystalline solidification in dilute 
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Fig. 1: Graph of interaction potential function between order 
parameter φ1 and φ2. When φ1 and φ2 gradually 
approach 1, the interaction potential between the two 
dendrites will reach the maximum

(7)

In Eq. (5), τ0 and W0 are the time and length scales used to non-
dimensionalize, which represent a relaxation time and a measure of the 
interface width, respectively. λ is a dimensionless coupling parameter.

where α=4. For the two order parameters φ1 and φ2, the interaction 
energy's shape is given in Fig. 1. As can be seen, the interaction 
energy within the grain (φi=1) and in the liquid phase (φi=-1) is 0. 
The interaction between dendrites occurs only at the interface.

For alloys solidification, the introduction of an anti-
trapping current (    ) in Eq. (6) can recover the S/L 
interface's local equilibrium. Furthermore,     can remove 
the abnormal phenomena when the capillary length is 
less than the interface width [32]. According to solute 
diffusion in solid phase,     for polycrystalline alloys can 
be expressed by [33]:

alloys can finally be expressed as:

2.3 Simulation parameters and numerical 
implementations

In this work, non-isothermal solidification of ternary 
alloys was mainly studied. The diffusion coefficient of 
solute in solid was ignored in the model, and all properties 
of material were supposed to be constant. When the width 
of the diffusion interface was smaller than the radius of 
curvature of the interface, but larger than the actual width 
of the solid-liquid interface, then the dynamic effect 
can be ignored, the model can be simplified to a sharp 
interface equation [34, 35]. The governing equations of the 
phase field Eq. (5) and the solute conservation Eq. (6) 
were solved by the finite-difference method. The implicit 
method of alternating direction was adopted to discretize 
Eq. (7). The time step was set to                      , where                    
                    was the grid spacing, W0=10-7m, DT=DT /Dmin. 
In an 800×800 grid area, 30 randomly oriented crystals 
were used to simulate polycrystalline growth. A solid 
seed with radius of R1=4.0 W0 was set as the initiation 
of the simulation. Also, Neumann boundary condition 
was applied to all variables including φi, {ui} and θ. The 
initial dimensionless supersaturation u1=u2=0.65, and the 
initial dimensionless temperature θ=-0.55. For a ternary 
alloy, other calculation parameters were:             , λ=10, 
k1=0.35, k2=0.16, and Le=10.

3 Simulated results and discussion
3.1 Simulation of polycrystalline growth 

into undercooled melt
Figure 2 shows the simulation results of random growth 
of 30 grains in undercooled melt. In the initial stage 
(t=500 Δt), these dendrites grow freely away from each 
other. Their solute and thermal diffusion fields do not 
overlap with other solute and thermal diffusion fields. 
Therefore, dendrites appear in symmetric shape in general, 
which is the same as that of single crystal growth. With 
solidification proceeding, the solute around the dendrite 
interacts with the thermal diffusion boundary layer and 
enters the collision stage. At t=5,000 Δt, it can be clearly 
observed from Figs. 2(a2)-(d2) that the dendrites compete 
and collide with each other during the growth process, 
resulting in deformation of dendrites. Moreover, a large 
amount of solutes and latent heat concentrate on space 

where Le is the Lewis coefficient, Dmin represents the lowest 
diffusivity in the liquid, Mi=d0/di, d0=Γ/(L/cp) is the thermal 
capillary length, Γ l  is the chemical capillary 
length connected with element i, and Dv,i is the element i solutal 
diffusivity in v phase with v=l (s) for liquid (solid). It is noticed 
that as i=N,  Dv,N  =DT is the thermal diffusivity.

 fint(φi) in Eq. (5) reflects the interaction energy between grains 
with different orientations, which prevents the overlap of grains. It 
follows the form of:
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Fig. 2: Simulation results for multi-dendritic growth: (a1)-(a3) dendritic morphologies; (b1)-(b3) and (c1)-(c3) dimensionless 
concentration distribution of Solute 1 and Solute 2, respectively; (d1)-(d3) distribution of dimensionless temperature

between grains, which further aggravate the deformation 
of dendrites. Accompanied by dendritic growth, more and 
more solutes and latent heat are continuously released and 
accumulated. Hence, the growth of solid becomes very slow 
when the undercooled melt is completely consumed. In the 
interfacial region surrounded by dendrite arm, the solute is 
not easy to diffuse to the liquid phase, which results in the 
enrichment of solute in this area and the shrink of the necks of 

dendrites in the root of primary dendrite arm. At t=15,000 Δt, 
the solidification almost stops, and the temperature distribution 
tends to become uniform due to thermal diffusion with very 
little heat generation. Meanwhile, due to the introduction of 
the interaction potential between the dendrites in the model, 
it can be found that even if the distance between the dendrites 
is very narrow to each other during the solidification process, 
there is no direct contact between grains.

3.2 Effect of spatial discretization
In the simulation, the spatial step (Δx/W0) not only determines 
the accuracy of the numerical results but also has a decisive 
impact on computational efficiency. To select the appropriate 
spatial step, the variation of average velocity and radius of 
dendrite tip over time was studied under multiple spatial 
steps, and the convergence of the model was verified. Figure 3
quantitatively illustrates how the average tip velocity and 
radius of four dendrite arms with different orientations are 
affected by the spatial step. Figure 3(a) shows that the average 
tip velocity of the four different dendrite arms decreases 
exponentially over time. When the spatial step is small, the 
free growth stage of dendrites is long. With the increase of the 
spatial step, the free growth stage of dendrites is significantly 

shortened. Meanwhile, the velocity curve during the free 
growth stage of dendrite gradually becomes unstable and 
fluctuates as the spatial step increases. Especially when the 
spatial step is 1.0, it is found that the tip growth rate curve 
fluctuates obviously. When the spatial step further increases 
to 1.2, the fluctuation is more drastic. This means that the 
residual grid noise increases with the increase of spatial 
step, resulting in measurement error, and then causing the 
fluctuation of velocity curve. If the spatial step presents too 
large (Δx/W0>1.0), the calculation nodes of the interface 
diffusion layer would reduce, which will have influence on the 
shape of the dendritic tip. For instance, when Δx/W0=1.2, the 
dendrite tip prones to split, as shown in Fig. 3(a). The steady 
state tip radius is extracted by averaging the value of tip radius 
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Fig. 3: Time evolution of tip velocity under different spatial steps (a), and variation of average tip radius with spatial step (b)

within the last oscillation for each case. The changes of the 
steady state tip radius as a function of spatial step are shown in 
Fig. 3(b). It can be seen that when Δx/W0=0.2, the tip radius 
of the dendrite is 27.6002. With the increase of the spatial 
steps (Δx/W0=0.4-0.8), the tip radius gradually stabilizes and 
changes within a small range. The tip radius increases from 
13.33449 to 14.52297 with an error of about 0.04. However, 

with the further increase of spatial step to 1.0, the radius value 
suddenly increases, breaking the stable trend. Therefore, the 
appropriate spatial step is within the range of 0.4 to 0.8. To 
achieve a good combination of the computing efficiency and 
accuracy, all subsequent simulations are performed with the 
grid spacing of Δx/W0=0.8, unless otherwise specified.

3.3 Effect of coupling coefficient λ on 
dendritic growth

According to the equation W0=d0λ/a1, a1 is a constant, 
the thickness W0 of interface depends on the selection of 
λ. Therefore, λ also affects the calculation accuracy and 
efficiency. Previous studies on λ, using Karma model, mainly 
focus on isothermal solidification of binary single crystal 
with fcc crystalline structure [14, 33, 36, 37]. The emphasis of this 
study is on the non-isothermal solidification of ternary alloys 
with hcp crystalline structure, which is different from the 
anisotropic of cubic crystals. Therefore, it is necessary to 
determine the range of λ again. As shown in Fig. 4, the effects 
of different coupling constants on the tip velocity, for example, 
solid phase volume fraction, tip radius, and stability coefficient 
of the dendrite tip, were investigated to obtain the optimal 
value. Figure 4(a) demonstrates that the dendrite tip velocity 
increases with the increase of λ, showing a step-like change. In 
addition, with the increase of λ, the time when the tip velocity 
of the dendrite in the free growth stage reaches the inflection 
point gradually advances. When λ=15, the time is the shortest, 

but after further increasing λ, the time continues to extend. 
Meanwhile, the partial enlarged view of the red rectangle in 
Fig. 4(b), shows that the solid phase volume fraction is the 
highest for λ=10. When λ=20, the conversion rate of the solid 
phase volume fraction recedes obviously. With the increase of 
λ, the conversion rate decreases further, as shown in Fig. 4(b). 
Figure 4(c) shows the variation of tip radius and stability 
coefficient (σ*=2DT d0/R

2V) [36] with different λ. The marginal 
stability theory points out the critical state between the 
splitting of dendrite tip and lateral instability, which depends 
on the dimensionless parameter σ*. As shown in Fig. 4(c), 
as λ increases, then the tip radius decreases gradually, then,  
reaches a plateau region, and finally increases. In contrast, the 
stability coefficient has an opposite trend with tip radius as 
the increase of λ. At λ=8, 10, and 15, the slope of the stability 
coefficient increases slightly, which can be approximately 
constant, indicating that the stability of the dendrite tip is the 
best. Therefore, the appropriate λ is within the range of 8 to 15. 
In the following numerical simulations, λ=10 was selected. 

Fig. 4: Time evolution of tip velocity (a) and solid fraction (b) under different coupling parameters λ, and convergence 
behavior of tip radius and stability coefficient with respect to coupling parameter λ (c)

(b)(a)

(a) (b) (c)
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3.4 Influence of Lewis coefficient on 
simulation results

The Lewis coefficient (Le) is an important parameter that will 
influence the dissipation of latent heat during non-isothermal 
solidification [22, 37]. To investigate the influence of the Lewis 
coefficient on solidification process, the simulations with 
various magnitudes of Le were performed for the dendrite 
growth. The tip velocity as a function of time is given in Fig. 5(a). 
Generally, the tip velocity increases as Le increases. If Le 
decreases, the dissipation of latent heat is restrained, so the 
undercooling at the solid-liquid interface decreases, which will 
lead to a decrease of dendrite growth rate. In addition, when 
Le is small, the temperature of some solid phases exceeds the 
melting point, which results in remelting of some grains and 
slowing dendrite growth. Meanwhile, a great amount of solute 
is discharged from dendrite arms due to the competitive growth 
of dendrites during solidification, which eventually leads 
to solute enrichment between dendrites, limits the dendrite 
growth. When Le is high, the thermal diffusivity is larger 
than the solute diffusivity, so the latent heat of solidification 
is capable of releasing in time, leading to a faster dendrite 
growth rate and the vanishes of local remelting phenomenon, 
and the dendrite enters the coarsening stage ahead of time. The 
tip radius as a function of Le is shown in Fig. 5(b). In Fig. 5(b), 
with an increase of Le, the tip radius significantly decreases and 
gradually tends to be stable. It indicates that with the increase of 
Le, the influence of thermal driving on the growth of dendrites 
gradually weakens, and the main driving force for the growth 
of dendrites changes from thermal diffusion to solute diffusion.

To further analyze the variation of concentration and 
temperature under different Le, the Line A-A [marked by the 
black line in the simulated area in Fig. 5(c)] was selected for 
detailed studies. The crest and trough of the concentration 
profile along Line A-A shown in Fig. 5(c) (t=20,000 Δt) match 
the dendrite and dendritic interval, respectively. When Le=1 
or 2, the growth rate of dendrites is slower and the solute has 
enough time to diffuse, so the solute element in the solid phase 
diffuses more fully and the solute concentration is lower. 
With the further increase of Le, the growth rate of dendrites 
increases, which shortens the diffusion time of the solute, so 
that the solute element in the solid phase is unable to diffuse 
sufficiently, and the solute concentration gradually increases. 
In addition, according to the relationship (cs/k=cl) between the 
solute concentration and the partition coefficient, the liquid 
solute concentration gradually increases with the increase of 
the solute concentration of the solid phase. Figure 5(d) shows 
the temperature distribution along the Line A-A for different 
Le. Similar to the Fig. 5(c), at t=20,000 Δt, the crest and trough 
of temperature profile also correspond to the dendrite and 
dendritic interval. Generally, the temperature inside the grain is 
higher than the temperature of the liquid. With the increase of 
Le, the temperature difference between inside and outside the 
crystal decreases, and the temperature field distribution tends 
to be stable. This is because an increasing amount of latent 
heat is released as Le rises to 50 and 100. Due to the adiabatic 
boundary, heat can only accumulate within the system rather 
than flowing out, thus the temperature distribution tends to 
become uniform.

Fig. 5: Influence of different Lewis coefficients on dendrite growth: (a) time evolution of tip velocity; (b) variation 
of tip radius with Lewis coefficient; (c), (d) concentration and temperature distribution along Line A-A at 
t=20,000 Δt, respectively

(b)

(d)

(a)

(c)
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3.5 Effect of initial undercooling on dendrite 
growth

Undercooling is the primary driving force for the solidification 
of l iquid metal, which is also an important factor in 
determining the dendritic morphology. Assuming all other 
phase-field parameters are fixed, the dendrite morphology 
evolution under different initial undercooling was studied in 
this section, as shown in Fig. 6(a). The dimensionless dendrite 
tip velocities as well as the solid volume fraction versus time 
for different undercooling during solidification are plotted in 
Figs. 6(b) and (c). It can be seen when the undercooling is 
Δ=-0.45, the dendrite size is small and the growth velocity is 
very slow. As undercooling increases, both the dendrite size 
and growth velocity increase, and the tip velocity increases 
rapidly. This shows that the higher the undercooling, the 
greater the driving force of dendrite growth and the faster the 
growth rate. During the initial stage of solidification, dendrites 
grow rapidly and the solid phase volume fraction in the 

simulated region rises quickly. Then the solid volume fraction 
reaches a plateau as the dendrite growth enters the coarsening 
stage. Figure 6(c) shows that the solid volume fraction increases 
with the increase of undercooling, which supports the previous 
conclusion that both the solidification velocity and dendrite 
growth rate increase as undercooling increases.

 The inhomogeneous distribution, enrichment and the 
increased gradient of solute concentration during solidification 
can easily cause a series of defects such as black spots and flat 
grain, which are some of the main reasons for the emergence of 
brittle fracture. In order to improve the performance of casting 
part, it is important to investigate and reveal the effect of 
undercooling on the solute distributions during solidification. 
The solute distribution along the Line A-A was studied in 
detail, which is marked by the white line in the simulated area 
in Fig. 6(a). As shown in Fig. 6(d), the crest and trough of the 
concentration along A-A line correspond to the dendrite and 
dendritic interval in Fig. 6(a). It is shown that the concentration 

Fig. 6: Influence of different undercooling degrees on dendrite growth: (a) morphology evolution of dendrite; time 
evolution of tip velocity (b) and solid fraction (c); (d) concentration distribution along Line A-A at t=20,000 Δt; 
(e) variation of segregation ratio of solute with time

(a)

(b) (c)

(d) (e)

Δ=-0.45 Δ=-0.55 Δ=-0.65
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Fig. 7: Morphology evolution of dendrite arms with different orientations (a), time evolution of tip velocity (b), 
tip temperature (c), and tip concentration (d) of different dendrite arms

distribution at solid/liquid interfaces is different under different 
undercooling. The smaller the undercooling, the slower the 
growth rate of dendrites, the solute can be fully diffused, and 
the lower the concentration of solute in the crystal. Under  
large undercooling, the dendrite growth velocity is fast and 
the solute can't be diffused sufficiently, resulting in the solute 
enrichment across the dendrite intervals, which inhibits the 
release of solute in the solid phase and increases the internal 
solute concentration. Similarly, the concentration of solute 
in the liquid phase gradually increases as the undercooling 
increases. Figure 6(e) shows the segregation ratio of solute 
with time, which is often used to represent microsegregation 
in castings. The higher the segregation ratio of solute, the 
more serious the microsegregation. The segregation ratio is 
numerically equal to the ratio of the maximum concentration 
of solute between dendrites to the minimum concentration of 
solute inside the dendrites. The solute diffusion rate lags far 
behind the dendrite growth velocity, and the precipitated solute 
can't fully diffuse into the liquid phase and is enriched at the 
front of the dendrite. The higher the undercooling, the faster 
the growth rate of dendrites, the more solutes precipitate into 
the liquid phase in a unit time, and the higher the concentration 
of solutes between dendrites, so the segregation rate increases 
with the increase of the undercooling.

3.6 Simulation of dendritic arms growth with 
different orientations 

In order to better understand the effects of solute diffusion and 
thermal diffusion on the growth of dendrites with different 
orientations. The growth behavior of different dendritic arms 

was quantitatively studied. Figure 7(a) shows the morphology 
and the concentration distribution of four dendrites with 
different orientations. At t=15,000 Δt, the tip velocity, tip 
temperature and tip concentration were measured from 1, 2, 3 
and 4 arms, respectively. Figures 7(b), (c) and (d) quantitatively 
illustrate how dendritic arms with different orientations 
influence each other through solute diffusion and thermal 
diffusion. Initially, all dendrite arms grow in a free condition. 
The distance between dendrites is sufficiently large to ensure that 
each individual dendrite will not be impinged. The interaction 
energy introduced in Eq. (6) does not affect the growth of 
dendrites. The thermal diffusion fields and solute diffusion 
fields of each dendrite have not overlapped with each other. 
Dendrites grow fast into the melt along the preferred directions 
corresponding to their given orientation angles. Compared 
to the other three dendritic arms, there is relatively higher 
growth velocity for the Arm 4. Meanwhile, combined with 
Figs. 7(c) and (d), it is found that the tip temperature and 
concentration of Arm 4 are relatively low at the beginning of 
solidification. As solidification proceeds, dendrites surrounding 
thermal field and solute field start to interact and the stage 
of impingement begins. As the dendrite arms approach each 
other, the interaction energy (Fig. 1) between the dendrites 
increases sharply. This suppresses the occurrence of the merger 
phenomenon between different dendrites. At this stage, it can 
be observed that the temperature and concentration of the tip 
of the dendrite Arm 4 change drastically and gradually reach 
the maximum. With the development of dendrite arms, the 
interaction energy between dendrites increases significantly. 
The growth of Arm 1 is blocked by Arm 4, its growth rate 

(a) (b)

(d)(c)
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(11)f(t)=1-e-xe(t)

(12) xe(t)=Mt n

where t represents the solidification time, and xe(t) is the 
extended volume fraction when ignoring the inter particle 
collision, which can be expressed as:

suddenly drops, and a large amount of heat and solute begin 
to accumulate at its tip. The growth rate of Arm 3 also begins 
to be affected by dendrite, and gradually declines. In addition, 
because of the larger growth space at the tip of the Arm 2 and 
its smaller interaction energy with other dendrites, the free 
growth stage of the Arm 2 is the longest. Subsequently, the tip 
growth velocity of all those four arms will eventually get close 
to zero, with the increase of tip temperature and concentration, 
as shown in Figs. 7(b), (c) and (d), which hinders the dendritic 
tip growth. However, although the dendritic tip almost stops 
growing, the solidification is still evidently in progress since 
the dendritic tip is getting coarsened.

3.7 Polycrystalline growth kinetics
The growth kinetics of multiple dendrites, especially the 
evolution of solid volume fraction, is a key problem in 
solidification. JMAK theory [27-29] and Starink phenomenological 
theory [38] are classical theories on the growth kinetics of 
multiple dendrites. In JMAK theory, the transformed volume 
fraction of multiple particles with time satisfies the following 
relationship:

index describing particle growth, which can be expressed as 
n=qd+X, d is the dimension of space, q equals 0.5 for diffusion 
controlling growth and 1 for the interface controlling the  grain 
growth, X equals 0 for site saturation nucleation and 1 for 
nucleation with a constant rate. Because of the complexity 
of dendrite morphology, although the dendrite growth in 
undercooled melts is a diffusion-controlled process, it is 
unreasonable to think that index n=1 for the two-dimensional 
dendrite growth. Brener et al. [39] used the parabola shape 
approximation to replace the needle-like dendrite arm without 
side branches, and found that the dendritic area in two 
dimensions increased with time was proportional to t1.5. However, 
there is still a lack of reliable test for the accuracy of this simple 
assumption. Therefore, the growth kinetics of a single smooth 
needle dendrite arm was simulated to verify the results.

For a dendrite with simple morphology, the relationship 
between the solid fraction fe(t) and the time of free growth 
is exponential, that is, fe(t)=M0t

m, where m is the growth 
exponent and M0 is a shape factor. The growth kinetics of 
single crystal under different initial undercooling was studied 
by using this equation, and the results are shown in Fig. 8. It 
can be seen from Figs. 8(a) and (b) that under different initial 
undercooling conditions, the grain size changes greatly, but 
the growth index curves of different dendrites are basically 
parallel, which indicates that the index m is less affected by 
the dendrite morphology. The results are in good agreement 
with those of Brener et al [39, 40]. For the non-isothermal growth 
of a single dendrite at Δ=-0.55, the dimensionless time 

(a)

Fig. 8: Under different undercooling, dendrite morphology (a), single dendritic growth index curve (b), and 
transformed fraction versus time for single dendrite at Δ=-0.55 (c), and red solid line is the best fitting 
function fe(t)=9.81992×10-8t1.511

(b) (c)

In Eq. (12), M is a constant, and n represents the Avrami 

Δ=-0.6Δ=-0.55 Δ=-0.65
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Fig. 9: Avrami exponential curve (a), and growth kinetics curve of multi-dendrite at Δ=-0.55 (b)

varying data of transition fraction obtained in the simulation 
is fitted by the formula fe(t)=M0t m, and the results are shown in 
Fig. 8(c). The growth index m=1.511 and M0= 9.81992×10-8 
obtained by fitting will be used in later polycrystalline growth 
dynamics. It is worth noting that M=M0N in the kinetics study 
of polycrystalline growth, where N is the number of nuclei.

Although the growth kinetics of single crystal is very 
close to the theoretical value, polycrystalline solidification 
is more complex than single crystal solidification, involving 
competitive growth of dendrites, soft impact effect and latent 
heat release. Therefore, it is necessary to further analyze 
the growth kinetics of polycrystal. Here, the method of site 
saturation nucleation was selected to simulate the random 
growth of 30 grains. To eliminate the influence of the 
nucleation position on the simulation, the average value of 5 
simulations was extracted. It can be seen from Fig. 9(a) that 
the Avrami index of polycrystalline growth keeps stable at the 
starting time, and then decreases gradually with the dendrite 
growing up. The main reason is that at the initial stage of 
growth, the growth space of dendrites is sufficient, and there is 
no collision with each other. Their Avrami index is consistent 
with that of single crystals. With the increase of dendrite size, 
the competitive growth between dendrites is intensified, and 
the mutual blocking effect is enhanced. Meanwhile, it can be 

seen from Fig. 9(b) that there is a big deviation between the 
simulation results of growth kinetics and JMAK theory. Many 
scholars have studied the reasons for such deviation and found 
that the soft collision effect and mutual blocking effect of 
particles in the growth progress were the main reasons [41-45].

Considering the different orientations and anisotropies of 
particles, Starink et al. [38] and Kooi et al. [45] took into account 
the blocking effect and proposed a phenomenological equation 
between the transformed volume fraction and time for multiple 
particles:

df
(1-Af )µ

dfe

(13)

df 1-f
dfe (1+bf 2)2 (14)

Fig. 10: Curve of transformation fraction with time obtained 
by phase-field simulation and theoretical fitting. The 
green dash line is based on Eq. (13) with A=0.455 and 
μ=1.03. The blue dash lines are based on Eq. (14) with 
b=5.0001

(a) (b)

where A, μ and b are constant. When A=1, μ=1 or b=0, the two 
equations revert to the JMAK equation. Equations (13) and 
(14) are used to compare the phase-field simulation results 
of polycrystalline growth dynamics with Kooi equation and 
Starink equation, as shown in Fig. 10. It is found that the 
simulated results are very close to the theoretical value when 
considering the soft collision effect and the mutual blocking 
effect caused by dendrite arbitrary orientation.

3.8 Comparison between experiment and 
simulation

The solidification structure of ternary Mg-6Gd-2Zn (wt.%) 
alloy was simulated using the model under the undercooling 
of 0.65. In this alloy, due to the low solute content, the solute 
interactions between different species are ignored. For the 
Mg-6Gd-2Zn (wt.%) alloy, the exact parameters for calculation 
are as follows: k1=0.35, k2=0.16, m =3 K·(wt.%)-1, Г=0.37 K·μm, 
Tm=921 K, cp=2.35 J·(kg·K)-1, L=610 J·kg-1, ρ=31.74 g·cm-3, 
κ=156 W·(m·K)-1, DGd=1.4×10-9 m2·s-1, DZn=5.4×10-9 m2·s-1 [4, 16]. 
Figure 11(a) shows the simulation results of the ternary 
Mg-6Gd-2Zn (wt.%) alloy. Comparing the simulation 
results with the experimental results in Fig. 11(b) [46], it can 
be found that the microstructure of simulation results is in 
good agreement with the actual pattern, verifying the validity 
of the phase-field model.
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Fig. 11: Simulation result of phase-field method (a) and experimental result (b) of Mg-6Gd-2Zn (wt.%) alloy [46]

4 Conclusions
In this work, the multi-dendrites growth in non-isothermal 
solidification was studied by establishing a polycrystalline 
and multicomponent phase-field model which coupled with 
temperature field. The simulation results suggest the following 
conclusions:

(1) A near steady-state tip velocity and tip radius is obtained 
when spatial step range is between 0.4 and 0.8.

(2) The reasonable value range for λ is between 8 and 15. 
The optimal solution can be obtained when λ=10.

(3) The larger the Lewis coefficient, the more conducive to 
the release of solidification latent heat, the faster the growth 
velocity of dendrites, and the more stable the tip radius, which 
increases the solid phase fraction and solute concentration, and 
leads to a more uniform temperature distribution.

(4) With the increase of the initial undercooling, the growth 
velocity of dendrites is obviously accelerated, and the solid 
fraction also increases. The higher the undercooling, the higher 
the solute concentration, the larger the segregation ratio and 
the more severe the microsegregation.

(5) With the growth of dendrites, the interaction potential 
between dendrites increases, the growth velocity of dendrites 
decreases, and the tip temperature and concentration increase.

(6) The transformation kinetics of multiple dendrites growth 
is investigated using phase-field simulation and the result 
shows good agreement with that of the phenomenological 
theory. The prediction result of the transformation kinetics 
of polycrystalline solidification by JMAK theory shows 
relatively larger than the phase-field simulation result due to 
the neglection of the soft collision effect and mutual blocking 
among dendrites. In addition, the solidification process of 
Mg-6Gd-2Zn (wt.%) alloy was simulated, and the dendrite 
morphology is consistent with the experimental results.
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