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Abstract: The distinctions of dendritic morphology and sidebranching behavior when solidified under
atmosphere pressure, constant pressure which is higher than atmosphere pressure (hereinafter referred to as
constant pressure) and periodic pressure were investigated using 3-D phase field method. When growing at
atmosphere pressure, side branches (secondary dendritic arms) are irregular. When solidified under constant
pressure with a relatively high value, side branches are much more luxuriant, with more developed high-order side
branches. When applied with periodic pressure, resonant sidebranching happens, leading to many more regular
side branches and the smallest secondary dendritic arm spacing (SDAS) in the three cases. The significant
difference in dendritic morphology is associated with tip velocity modulated by total undercooling including
pressure and temperature undercooling. In the case of constant pressure, tip velocity increases linearly with total
undercooling, and it varies periodically in periodic pressure case. The different variation trend in tip velocity is the
reason for the distinct dendrite growth behavior in different cases. Unlike the phenomenon in constant pressure
case where the dendrite grows faster with higher pressure, the dendrite grows slower under periodic pressure
with higher amplitude, resulting in less developed primary dendrite and side branches. This is influenced by tip
remelting due to low undercooling or even negative undercooling. It is revealed that the accelerated velocity of tip
remelting increases with the decline of undercooling. The greater the amplitude of periodic pressure, the faster
the tip remelting velocity during one period. This is the reason why the average tip velocity decreases with the rise
of amplitude of periodic pressure.
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1 Introduction
Dendrite morphology during solidification has a
significant influence on mechanical properties. The feature
of side branches, especially secondary dendritic arm
spacing (SDAS), is associated with strength and toughness
of alloys. It is of great importance to investigate the effect
of external perturbation, such as heat and pressure, on
dendritic growth and sidebranching [1-10]. According to the
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study by LaCombe et al. [4-6], pressure altered the state of
dendrite growth due to the change of melting points, and
determined sidebranching behavior. Therefore, pressure
is a nonnegligible factor in determining dendritic
growth and sidebranching, and has been investigated
experimentally and numerically [11-13].
When it comes to a numerical method, the phase
field method [14-18] which takes thermal dynamics under
pressure into consideration, has become a powerful
tool to study dendritic growth and sidebranching
during pressurized solidification [19-23]. According
to phase field research, when applied with constant
pressure, the growth of dendrites is promoted, with raised
tip velocity and developed dendritic arms [19]. When
applied with periodic pressure, dendrite morphology
and s idebranching frequency can be ch a n g e d
dramatically, since tip velocity is modulated by the
periodic pressure [22, 23]. The underlying mechanism for
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dendritic sidebranching has been explored by applying periodic
pressures at different frequencies by using the 3-D phase field
modeling method [20]. It is revealed that if the frequency of
applied pressure is in an appropriate range, both tip velocity
and sidebranching would be completely synchronized with
the pressure, resulting in regular side branches with high
sidebranching frequency.
Even though the influence of constant pressure and periodic
pressure on dendrite morphology has been studied separately,
distinctions between dendrite growth behavior under the two
kinds of pressures and the underlying mechanism have not
been explored yet.
In this work, dendritic morphology and sidebranching
behavior under atmosphere pressure, constant pressure and
periodic pressure were investigated using the 3-D phase field
method. The features and distinctions of dendrite morphology
and side branches in the three cases were demonstrated. The
undercooling and tip velocity modulated by different pressures
were compared to reveal the mechanism of the difference in
sidebranching behavior. The great influence of the amplitude
of periodic pressure on sidebranching behavior was explored
by investigating the correlation between tip remelting velocity
with low undercooling and even negative undercooling.

2 Mathematical model
The 3-D phase field model has been described in Ref. [20] in
detail. The 3-D controlling equations (anisotropic) for phase
field and solute field [16, 17, 24] are as follows:

(4)
is the equilibrium freezing temperature range according to c∞,
where c∞ is the initial solute concentration.

k

k
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k
and
(6)
are dimensionless solute concentration and temperature,
respectively, where c is molar solute concentration.
(7)
is the so-called "anti-trapping" current developed by Karma [17]
to counterbalance spurious effects during the phase field
simulation.
In the dimensionless phase field model, the physical
units of length and time are W0 and τ0, respectively. Some
dimensionless variables in this study, such as frequency and tip
velocity, are related to the two physical units. The definitions
of W0 and τ0 are as follows:
W0 = λ d0/a1

(8)
(9)

(1)

and
d0 = Γ/ΔT0

(2)

where τ is the relaxation time, is phase field which is -1 in
bulk liquid and 1 in bulk solid, W( ) is the anisotropic width of
the diffuse interface with the unit normal vector pointing out
into the liquid, k is the partition coefficient for solute, and D is
solute diffusivity. λ is the scaling parameter and defined as:

v

(3)

where R is the gas constant, TM is the melting temperature of
the solvent, v0 is the molar volume, H is the energy barrier of
the double well potential, and m is the liquidus slope in the
phase diagram.

(10)

is the chemical capillary length, where Γ is the Gibbs-Thomson
coefficient which is determined by materials, a1 = 0.8839 and
a2 = 0.6267 according to the thin interface limit analysis [24].
(θ + kU) is the driving source term, which is related to the
total undercooling of a system. Applied pressure can cause a
change in remelting point and thus change the undercooling
of a system. Therefore, to consider the influence of pressure, a
pressure undercooling, ξ, caused by pressure according to the
classical Clausius-Clapeyron effect was added into the source
term (θ + kU) in the governing equations for the phase field.
In this study, two kinds of pressure, i.e., constant pressure
and periodic pressure, were applied to discover the difference
of dendritic growth behavior. For constant pressure, ξ is a
constant value, while as to periodic pressure, ξ is in the form
of sinusoidal wave shown as follows:
ξ = ξ0sin( 2πfξt)

(11)

where f ξ represents the frequency of pressure, ξ 0 is the
amplitude of pressure undercooling. The source term acted as
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the driving force for the dendrite growth is Fdriving= -(θ+kU)+ξ,
which is associated with the total undercooling caused
by temperature, solute, and pressure. In this study, solute
undercooling is ignored in the quantitative calculation due
to the pressure has little influence on the solute undercooling
and is not easy to measure, total undercooling only includes
temperature undercooling and pressure undercooling.
The purpose of this study is to reveal the influence of different
kinds of pressures on dendritic growth and sidebranching
behavior. To focus on investigating the universal rules
which apply to different alloys, the phase field model is
dimensionless. The solute concentration U, temperature θ and
pressure undercooling ξ are dimensionless according to Eqs. (5)
and (6), and the length and time are dimensionless based on
the physical units of W0 and τ0. The dimensional value of these
parameters can be deduced, but they are not necessary in this
study. In this study, Al-3wt.% Cu alloy is taken as a sample
alloy to simulate the dendrite growth.
In order to carry out an appropriate simulation of dendrite
evolution, an initial condition was set. θ was set to be
homogeneous (θ = -0.12) across the simulation domain which
was about 5 K of undercooling for Al-3wt.% Cu alloy and
large enough for dendrite growth. At atmosphere pressure,
pressure undercooling ξ was set to be zero. When studying
the effect of constant pressure, pressure undercooling ξ was
set to be 0.05, which represents about 2.08 K of undercooling
for the Al-3wt.% Cu alloy, leading to a much greater total

undercooling (about 7.08 K) than that at atmosphere pressure.
When investigating dendritic growth under periodic pressure,
the amplitude of periodic pressure undercooling ξ0 was set
to be 0.05 as well. The frequency of pressure was set to be
0.157/τ0, which could cause resonant sidebranching according
to Ref. [25]. Total undercooling including temperature
undercooling and pressure undercooling will be extracted to
study the relationship between tip velocity and undercooling
quantitatively.
At the beginning of simulation, a solid seed was placed at the
bottom corner of the simulation domain. A total of 30,000 time
steps (dt) were calculated for each simulation. Other parameters
in these equations, simulation parameters, and the crystal
anisotropy were set the same as those in Ref. [20]. Adaptive
mesh refinement and parallel computing were adopted in this
work to solve the governing equations [24].

3 Simulation results and discussion
3.1 Dendritic morphology under different
kinds of pressures
Dendrites are quadratically symmetric for Al-Cu alloy, so
only 1/8 dendrite is simulated to reduce simulation time. The
evolution of dendritic morphology when solidified under
atmosphere pressure, constant pressure, and periodic pressure
is demonstrated in Fig. 1. This figure shows the dendrite

(a) ξ = 0

(b) ξ = 0.05

(c) ξ = 0.05sin(2πfξt)

Fig. 1: Dendrite morphology evolution when solidified under atmosphere pressure (a), constant pressure (b)
and periodic pressure (c)
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morphology, including primary dendrite, secondary arms (side
branches) and high-order arms from 10,000 dt to 30,000 dt. It
is obvious that there are great distinctions in dendritic growth
process in the three cases.
When growing at atmosphere pressure, side branches grow
naturally. Secondary arms are relatively sparse. A dendrite
tip without obvious side branches is relatively long. Highorder arms grow casually in the secondary arms. All of
the sidebranching behavior results in irregular dendritic
morphology.
When solidified under constant pressure which is higher
than atmosphere pressure, the total undercooling including
temperature undercooling and pressure undercooling is
relatively high. A dendrite grows faster even at the beginning
of growth (10,000 dt), as shown in Fig. 1(b). The secondary
arms near the root of the primary dendrite which can be
termed as early secondary arms are much developed, with
luxuriant high-order side branches. With the quick growth of
the dendrite, those early secondary arms are larger and larger,
and the high-order arms on them grow rapidly, hindering the

(a)

growth of secondary arms near the dendrite tip.
Compared with those under atmosphere pressure and
constant pressure, when applied with periodic pressure, side
branches are much more regular [Fig.1(c)]. More secondary
arms grow on the primary arms, with fewer high-order arms
on them. The sidebranching frequency is the highest, that is,
the SDAS is the smallest in the three cases, which may lead to
the excellent physical property of alloy.
The significant difference in dendritic morphology is
associated with the tip velocity which is modulated by
pressure. When applied with different constant pressures,
pressure undercooling varies consistently with pressure.
The total undercooling for dendrite growth changes, thus
affecting the dendrite growth behavior. Figure 2 shows the
variation trend of tip velocity with pressure undercooling and
total undercooling. As shown in Fig. 2, tip velocity increases
with the value of pressure undercooling as well as total
undercooling linearly. Therefore, the dendrite grows faster
under higher constant pressure. When pressure is too high, side
branches are crowded and wild, just like those in Fig. 1.

(b)

Fig. 2: Tip velocity with pressure undercooling and total undercooling under different constant pressures

To compare the modulation mechanism of different
pressures, the relationship between the total undercooling
and tip velocity with time in the three cases are drawn and
shown in Figs. 3 and 4, respectively. When applied with

periodic pressure, total undercooling changes periodically
with time. Tip velocity changes periodically and consistently
with pressure and total undercooling. References [20, 25]
have revealed the modulation mechanism of periodic pressure

Fig. 3: Total undercooling with time under different kinds
of pressures

Fig. 4: Tip velocity with time under different kinds of
pressures
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on dendritic sidebranching. When pressure frequency is in
an appropriate range, the oscillation of tip velocity in one
period results in the formation of one side branch. Resonant
sidebranching occurs, and consequently, sidebranching
frequency is consistent with the frequency of tip velocity and
periodic pressure [20]. Resonant sidebranching under periodic
pressure results in higher sidebranching frequency. This is
the reason why dendrite arms are regular and SDAS is small
under periodic pressure. In a word, distinctions of dendrite
morphology and sidebranching behavior are determined by tip
velocity which is modulated by applied pressure.
It can be seen from Fig. 3 and Fig. 4 that the curves of total
undercooling are symmetrical by the value of undercooling
when ξ = 0. The curve of tip velocity when ξ0 = 0.05 is also
symmetrical by the value of velocity when ξ = 0 as well.

3.2 Dendritic morphology under periodic
pressure with different amplitudes
The amplitude of periodic pressure also executes a significant
effect on dendritic growth. Note that higher ξ0 represents higher

ξ0 = 0.05

amplitude of periodic pressure. Under the condition of fixed
pressure frequency, different amplitudes ξ 0 in a range from
0.05 to 0.2 were set to investigate the influence of amplitude
on dendrite morphology and sidebranching behavior. As
demonstrated above, when ξ0 is 0.05, total undercooling is in
an appropriate level for dendrite growth, resulting in regular
side branches with small SDAS. If the amplitude gets higher,
how dendrite morphology will evolve?
When applied with constant pressure, higher constant
pressure leads to higher tip velocity due to higher pressure
undercooling, as expressed by Fig. 2. Unlike the phenomenon
in constant pressure case, higher amplitude does not bring
about more developed dendrites and side branches. On the
contrary, when the amplitude is in a relatively high level, a
dendrite grows slower under periodic pressure. As shown
in Fig. 5, the length of a primary dendrite decreases with
the increase of the amplitude of periodic pressure, and side
branches are fewer under pressure with higher amplitude.
When ξ0 is 0.2, there are no side branches on the small primary
dendrite.

ξ0 = 0.1

ξ0 = 0.2

Fig. 5: Dendritic morphology at t = 30,000 dt under periodic pressure with different amplitudes

To reveal the underlying reason, tip velocity and total
undercooling under periodic pressure with three amplitudes
are shown in Fig. 6. It can be seen that total undercooling
varies periodically in the three cases with different amplitudes.
When ξ0 is 0.1 and 0.2, the valley of undercooling is too low

(a)

for dendrites to grow. Especially when it is 0.2, the value
of the lowest undercooling is even negative. The influence
of low undercooling on dendrite growth can be found from
the tip velocity curve. There is negative tip velocity in one
period when ξ0=0.1 and ξ0=0.2. It can be deduced that dendrite

(b)

Fig. 6: Tip velocity (a) and total undercooling (b) solidified under periodic pressure with different amplitudes
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remelting occurs when applying periodic pressure in this
study. Furthermore, as seen in Fig. 6, the lowest tip velocity
decreases with the increasing ξ0. That is, the highest dendrite
remelting velocity increases with the amplitude of pressure.
Higher remelting velocity may be the reason for a shorter
dendrite under pressure with higher amplitude.
Similar to Fig. 3 and Fig. 4, the curves of total undercooling
are symmetrical by the value of undercooling when ξ =0, and
the curve of tip velocity when ξ0=0.05 is also symmetrical by
the value of velocity when ξ =0 as well. However, when the
amplitude of periodic pressure is raised, the symmetry of tip
velocity is gradually broken. The valley of tip velocity is lower
than the symmetrical value of the peak. The differences of the
highest tip growth velocity (positive tip velocity) and the highest
tip remelting velocity (negative tip velocity) get greater under
the periodic pressure with higher amplitude. Consequently, the
average tip velocity decreases with the increasing amplitude of
pressure, which is 3.4 W0·τ0-1 , 3.0 W0·τ0-1 and 2.2 W0·τ0-1 when ξ0
is 0.05, 0.1 and 0.2, respectively.
To further explore the asymmetrical phenomenon, the
curves of tip velocity and total undercooling when ξ0=0.2 in
the area defined by the box in Fig. 6 are extracted, and the
relationship of tip velocity and total undercooling is plotted and
illustrated in Fig. 7. It is revealed that tip remelting velocity
does not changes linearly with undercooling. The truth is, the
accelerated velocity of tip remelting increases with the decline
of undercooling. The greater the amplitude of periodic pressure,
the faster the remelting velocity during one period. This is the
underlying reason for the distinctions in average tip velocity
and dendrite morphology when applied with periodic pressure
with different amplitudes.

(1) There are great distinctions in dendritic morphology
and sidebranching behavior under the three kinds of pressure.
Side branches are more luxuriant and with more developed
high-order side branches when growing under higher constant
pressure. Especially, when applied with periodic pressure,
resonant sidebranching occurs, resulting in much more regular
side branches, with the smallest SDAS in the three cases.
(2) The significant difference in dendritic morphology
is determined by tip velocity which is modulated by total
undercooling including pressure undercooling and temperature
undercooling. In the case of constant pressure, tip velocity
increases linearly with pressure, and in the case of periodic
pressure, tip velocity varies in a periodic variation trend.
(3) A dendrite grows slower under periodic pressure with
higher amplitude, which is caused by tip remelting due to low
undercooling or even negative undercooling. It is revealed
that the accelerated velocity of tip remelting increases with the
decline of undercooling. The greater the amplitude of periodic
pressure, the faster the remelting velocity during one period.
This is the reason why average tip velocity decreases with the
rise of amplitude of periodic pressure.
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