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Abstract: In the investment precision casting of aerospace titanium alloy structural components, the dimensional
accuracy of wax patterns determines the quality of castings. Numerical simulation is a key technology for optimizing
wax pattern injection processing, and its accuracy highly depends on the parameters of the wax viscosity model. As
a non-Newtonian fluid, the viscosity-shear rate-temperature relationship of wax can be accurately described by the
Cross-WLF model. However, the database of Moldflow software lacks parameters for this model, and traditional fitting
methods exist defects: the simple least squares method is prone to falling into local optima, while the Newton’s method
has high computational complexity and numerical instability. Therefore, taking Kc-4017b wax as the research object, a
quasi-Newton method integrating automatic differentiation and SVD regularization has been proposed for the viscosity
modelling. The verification was carried out through numerical simulation of mold filling processes of annular stepped
wax patterns combined with actual injection forming tests. The results show that the coefficient of determination (R”) of
the quasi-Newton method for fitting is 0.989, which is significantly higher than that of the least squares method (R*=0.901),
and the residual distribution is more uniform; the Moldflow simulation results corresponding to its fitted parameters have
a high degree of consistency with the displacement trend of the measured data obtained via blue light scanning, enabling
accurate identification of the key regions of wax pattern deformation. This study solved the difficult problem of high-
dimensional nonlinear parameter fitting for the wax Cross-WLF model, and provided reliable parameter support for the
numerical simulation of injection forming process of wax patterns in titanium alloy investment casting and a theoretical
foundation for the investment precision casting processes of titanium alloy structural components.
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Fig. 1 Schematic diagram of an annular stepped wax pattern



2026 HAH/ET5E

1.2 HEEME

KRR FEBIAESHIEBKe-4017btER, HEER
0.95 g/em’, THRA94 C, MAUZATI C. KEML
HIRWEL2FR, B2 (a) . (b) . (c) PpBZEM
T60 C. 62 C. 64 CTEERATKLE-BITIREDT(L

s A ﬁ '- ‘i
IS Founorw [T =

EREERET, HEEbESEFIRRIB RS RIE T
b, TR, AL BURIREI ) ZRAFIE;
HEE®S, HEENERRTHMEREK, REIREX
ERRMENEE, AN THEREFEEZE 5
PRESDIREFN RS .

sl 6
5 .
7+ 5t
~ 6F —~ ~ 47
S L a4r @
g5 £ £
= = <37
B4t 3 il
=3 e e
2f 27
2k
1+ 1r 1k
0 20000 40000 60000 80000 100 000 0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
Byl s /s Byl s
(a) 60 C (b) 62C (c)64C

E2 BRI AR
Fig. 2 Wax viscosity test data

1.3 IERSCPRESHAE

[EEEIH IS EMPI-25 tREYL Ed T, tERHRE R
65 C, BEIREN25 C, REEIH1 MPa, {RIERS
8960 s, STHEAEZ 8 mm, RBRITIEERAE
ftt, EE—LERHETREHITIR, F5HNEM
&, WEEHTEAE, CRBERITN, 58
HIEREE XS .

1.4 BREERTEIERERISHRE

IR N EB R = 4 LI B S A Moldflow {4
&, BFEMEL D T, BERHRERIMIZL
DERERNZEMIE, FEBERERNIEEBUKIRE
72 mm. MBI DTG, BXMIEREHTRS
R¥, FRMISIEL.. BoEEXEXRBIERTS
MoldflowH{EEHIEEER, &5 EMISUIEBFR.
B ssE5HNSHIER, RERNRE NS C,
BEIREN25 C, RIEESD AL MPa, RIERER
60 s, FEOERAS mm, EBESEEIDFIRAEREY
792 500 W/ (m*-K) . #EEIUDTFINIRER “RAD-
Er-RE-BH BEoT, BREEIFAENSE

E3 EERE D E
Fig. 3 Meshing diagram of the wax pattern

MIEMENSR, fOXENBREEERETHTER
. REMNENRENDES. RORETETRE
EinZi . URRERWIEFII5IRAEMER . K
ERES®E, KACross-WLFEI LM EEE, 5
GHEMETHERSE, FENEREZRSHSNE
Moldflow# XA RIEEZES, RIEEERIUERE .

2 Cross-WLFHERESHEERE
BiE
Cross-WLFIEEH Cross B G R SWLFIRE
BRBEEEAMA, JBEEAMESHIIERE. &
ERNEEXR.

2.1 #E - BESRXEK (Cross &EH! )

MESEIRENXRLS:
Mo
AN (1)
1+ (T—)

L nARWME (Pa-s); n ATHTKE
(Pa-s) , BNSSUIEREEETORAIME; 7ABTIE
(") CREHENESE (Pa) , RIS FHEMS
BIE); nAARFIIEE (B8N ) , n<IBIHRERIA
BN, nit\ESYIRRNGEEE .

2.2 TENME - BEXR (WLF 5#8)
EEIMESRERXRETSIEN:

o AT
1,=D exp [—m (2)
f=D2+D3p (3)



F

Vol.75 No.4 2026

sH [y ——
{EE Founory TGRS

X DASERE TEEIIMERE (Pa-s) ;
D AEETHIEBHETEE (K) , REMRNIEE
SREESHETNIRFIEE,; A« A, AWLFEESH
(ZEN) , PIRMEENXES BEERBFE; T
RENFRE (K) ; THEBHETEE (K); ph
[£5 (Pa) ; DiAERNEH, WFAEXM/NDFIE
AIRIA, D—RRENO,

5 (1) 5 (2), Cross-WLFIEALEIY7M&
# (n. t*. D\\ D,. Dy, 4,. 4,) TERMAEBRHRLE
AOAEL TR o

2.3 SHEERLE

BEIAEE D 33T F Cross-WLFIE B S H 2 1E R
BRENIRE, BERERNIRENEEEMERE,
X FIERHG EX S HIEL RS A REIREKR. &
BoEZE, LA ESEENTIRIERIEE . FiUE
ERBBIN ML, WFRES (v) , HiER
ANRA: we=-H ' (x,) vf (x,) , By (x,) 245
E, H (x,) 2HessianfB% . @ILF BB IRREA—M
S (BE) SZMSE (HessiankEF ) EE8MWET
RIREL, OIS SRS A EEMEeXR, i
LRI E L BRINE, EafIELLSHEE
R EIE &N REEMBEE D . A,
HFIEAELRNAAEFEEERR: —HE, BEit
EHessianf B R EEHEENERESIE 0 (2°) (n
NFERRESHEE ) , X TFCross-WLFRELT X
BSHEE, SBRESHECKBRYE, 5—HHE, 3
HessianfEFHINE = [ 0480 (H)>10°] BF, ™M=
SBUEEMERFRY, Eoees | RERTREEZES
AW, ELUSECEE R ERIERIRE . SIIREE|
FRRU R iR IS5 AR 7=

AAREERR/N_FRESFIENEM L, &
LREBMD 5SVD (F3MES#E, Singular Value
Decomposition ) ITERMCAIIAGSRERIH 54, FEE
It & HessianfB0%, M=2E191E&— MHessianZB[EAIVTILL
IEER M, BEI8RELHBEIRRHNBEETRHER
FEESEDMAEAR, BITEBE, EINESSVD
IEMLIEHessian EPE & = 0@, =76 5 <4
o (H)>10°8T, & \aREREHEIRIE, BT
BFGS ( Broyden-Fletcher-Goldfarb-Shanno ) NTAISE
#7 Hessian 1P%5[%, Bt EEITEHessiantBfFRISEH
B, ITBEERERZEO () . ZSHHEARIME R
RANTSREAERE . SERIERM ERYTRALLR I
AT B HessianfB [ R E Y BN S EZEF AT e LI
HEERISETR . BEARMFREIINTANA,

AT EZ O 2 E HessianfB [FRYIL U IE BB
i, BIERIEFERRENBEES, HBE-
BFGSIECATBHEE FrHessianE 5B [ERIA B . EF
WRIERET, HEERRTINE)" SRRy 28/
22, FRBERML (00 ) =13 (15" )%
BEXMESR ., HEAREHANN:

0,=6,~0,H, 'V £ (6,) (4)
L ERERIRE; o fE K, H ' ARFABFGSEX
EFTH9Hessian®360F; v £ (0,) REIRREEOLH
BERQSE (0=[n, t*, D,, D,, 4,, A" NEHLSH
B& ) . HessianZFEfFIBITEFHBFGSAT:
yif:;‘yk) s,;s,T ) sky,TH,;?H,jyksZ (s)
ke k skyk Skyk

XA 5=0,.,-ONRSHEME, y=/f(0.,) -vf(6,)
NBEFHE, ZAXNTREH, IEEM . Armijos
B ( XFRArmijoflNEFE D TSN ) REIERSEF
BFHEdESERN—MEgRAN" ., elE
ZENERRIMESKEEE TR DR EE TR, M
MFRIERHEEZNE B, Bt e, @13 Armijo
SHHE [f (G-ap,) <f(6,) +0.01a,v £ (6,) "p,,
p=—H 'V (6,) DERFE ] . ZEEA (BFEERE
RIIFZHIIEAY Hessian ITIERE ) R E =AY, KRB
BREDHE (SVD) FEESBA=MEETRIT
A=UZV', HRUFIVRIERERN, Y2XI/MEE, EX
ARSI RE, KISV EEKEERE.

AR RRUFTENMNE, AHRDBIRAE
PRNTRESUFTEARTHMESHEE, 546
SHEEZES,

3 #ER5WIE
31 MERIEER

B4 (a). (b). (c) DBINIRL 60 C. 62 C.
64 CTER/NSREFIMIG AR ERIBER . U
A SR/ RIANEEMEIIMEIRENIE X E
MHEEBTEHNORTIT A, BRENS, HEETIR
KRNI ERE, XSERS FREmEREHSM
IRl SFEWERRBBHMERRZE . UFER
EEMESHIEHIENREAMESEERN, TEREETIR
ENEL, WML ENEEHIES HRHENRENR
N, BEEETIRENAS, &I\ REANEERE
FEMEA, MILFIE PR F I SIH RS .
W RIEE Bl AR EREUSEE S Hessian 55
bE, AESVDIENIRET HEITENRESE, HE
Bf) BFGS &,55N758#T Hessian 10560, BRUHIE 718

-1 -1
Hk+]=Hk + (1+



—tt rE
6
8r —a IR R o € 5l R 8 €
—o— AT A B —o— AR A B —o— AR A B
r —— /NS R ST —— /N TR B —— /N TR B
6f 4l
£ £ £,
B 4r a3 2
3r 2t
2+
2+
1F Lt I
(.) 20000 40 .000 60 000 80 600 100 000 6 20 (‘)00 40 l000 60 600 80 600 100 000 0 20 600 40 ‘OOO 60 600 80 600 100 000
DY /s DY DY
(a) 60 C (b) 62°C (c) 64 C

E4 FRIEE MUFINESRN REHEREER

Fig. 4 Viscosity fitting results using the quasi-Newton and least squares methods at different temperatures
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Tab. 1 Fitted parameters for the Cross-WLF viscosity model ( quasi-Newton method and least squares methods )

yE| n * D, D, A, A,
LR 0.62 0.61 1.08 x 10" 263.85 55.85 51.38
T/ Tk 0.72 0.11 1.77 x 107 256.66 78.13 99.98
() 7/ (Pa-s) ®) sEpEc
I 34 856. I 62.30
26 143. \J 51.72 \
\( : |
17 429. 41.15
8714.9 - 30.57
1.108 20.00
() KLEE/(Pa+s) (d) HEIC
I 1.000E+06 I 62.27

7.500E+05 “1 51.70
5.000E+05| 41.14
2.500E+05 30,57
0.783 1 20.00

(a, b) BB (¢, d) /b T3fes:
E7 EFUSMESHR/NSREMERESHNF IR ER SIREDEERIIER
Fig. 7 Numerical simulation results of viscosity and temperature fields during mold filling processes based on the parameters obtained from quasi-
Newton and leastsquares viscosity fitting
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Fig. 8 Numerical simulation results of cross-sectional temperature and warpage fields based on the parameters obtained from quasi-Newton and
leastsquares viscosity fitting



F

Vol.75 No.4 2026

‘!t [y ——
{EE Founory ITLIG 5T

EE/N, RItEBMEDSR/NTRNFREEESH
ABHE .

3.3 SEPREFHHIGIEIE

NH—TIIE AR ERE SR ER YT,
MFEINSEATLIRETRE, RESREBER
BEEHE, SERLANBEE SHECREUBER
FTEHERUERILE . B9 (a) RUFTERER
BSHER PR ERGERNER=E, B9

PR RF A% {8 /mm
5.074 100
§os3
0.67

n0.50
033

4.555

(b) AENWUBEE. BTMBEEENEFEE, BER
FEMARR R ERRK, THERRKERERE
RENXFRERIBENSAX ., B9 (a) PRI
REF_RMBEESIROVERSRERE, ]
KRR GERRERT . SE9 (b) LR REN
tb, EENNERFAREMNBRE, RYBESESES
HEBLEREMS . B9 (¢) AEEIYRE, &
BN ERF AR, H— LWL T AL ER
B EEBSE].

0.17
0.00

- -0.17
8-033
i -0.50
i -0.57
i -0.83
-1.00

4.037

3.578

I 3.000

(a) PR BUR SRR T

(b) PRI AL T

(c) BERLSZIR A

B9 RHIIIEER

Fig. 9 Simulation verification results

4 g5

KRR LK E S IABIEE IS AKe-4017btE4RL A
HRI%R, HEEEFHRIEFRASE, BE
TERIREE Cross-WLFREI S H S BERIE S L, B
#N 7 Moldflow B EIR E R AEEM R ERE S
Mz=H., EELEI0UT:

(1) £XFKc-4017b8E¥ Cross-WLFIE B S 4 E4:
MEEEWR, IRHRS B SSVDIENMLAIILIS
%, 60~64 CTEEER90.989, IzeTEB L

(R=0.901) , LW T HEREEFIRIAK B RS

SE Nk

[1] SKESY, skikE, B, & RESHEBHEARTENZMEK
TUHRIRN R [J]. M=HIERAR, 2025, 68 (7) : 22-36.

[2] FX, BEN, EiE, & A ABSASHHREREHE
AR [J]. $51&, 2021, 70 (2) . 139-146.

[3] #=ZE, BRRE, BEW, & XAEREEPNMNEEE—
REHIERARAR [J]. METFNERA, 2024, 67 (23/24) :
65-71.

[4] AR, IR, XifE, & KRSV FiEeTsy
RS RIFEEES [J]. $5i&, 2023, 72 (6) : 641-647.

[5] LIAO Shengcheng, DENG Junjun, MAO Xiangkai, et al.

Effects of polyethylene wax on the processability, structure,

EER.

(2) BUHTUEZEAICross-WLFSH SN
Moldflow R {4 R TINZIN 44 1R T 5 e BUIT 2 8B
B, FASLREREFRNERIL, ETTiEs
SE—H, WIETZREIRIAAT SRR ER .

(3) MFILEAEARRESEREX EYFRI
HIREEECE, REIRERITERME SRR,
BERBENN, FRESHEFSLRZME,
MR T EERIIUIBE, PIFFIRAFREID
TR MHIESCRYIRICEL .

and mechanical properties of injection-molded industrial
UHMWPE products [J]. Polymer, 2025, 334: 128715.

[6] ZHAO Biao, DING Wenfeng, SHAN Zhongde, et al.
Collaborative manufacturing technologies of structure shape and
surface integrity for complex thin-walled components of aero-
engine: status, challenge and tendency [J]. Chinese Journal of
Aeronautics, 2023, 36 (7) : 1-24.

[7] DAI Jing, XU Songzhe, CHEN Chaoyue, et al. A multi-
objective optimization based on machine learning for dimension
precision of wax pattern in turbine blade manufacturing [J].
Advanced Manufacturing, 2024, 12: 428-446.

[8] KUMAR S, KARUNAKAR D B. Development of wax blend



2026 HAH/ET5E

pattern and optimization of injection process parameters by grey-
fuzzy logic in investment casting process [J]. International Journal
of Metalcasting, 2022, 16 (2) : 962-972.

[9] BAZHENOV V E, OVSYANNIKOV A S, KOVYSHKINA
E P, et al. The numerical simulation of the injection filling
of the fluidity probe die with pattern waxes [J]. Journal of
Manufacturing and Materials Processing, 2024, 8 (5) : 213.

[10] 7ZiEiE, £8H, R, £ BRSTIREREEMTT
ZMHRFERSES ] FHEEREeaE, 2025, 45

(4) : 635-640.
(1] VFRE. IEHSIREERUARERE )] %H1&, 2022, 71
(7) : 803-813.

[12] &EE, JERL, Bk FEREEELIERHEREAISS
U] ISFFERBEESE, 2016, 36 (4) : 394-39.

[13] JENA R K, CHEN X, YUE CY, et al. Viscosity of COC
polymer ( TOPAS ) near the glass transition temperature:
experimental and modeling [J]. Polymer Testing, 2010, 29

(6) : 933-938.
[14] WILLIAMS M L, LANDEL R F, FERRY J D. The temperature

dependence of relaxation mechanisms in amorphous polymers and

s A ﬁ '- ‘i
IS Founorw [T =

other glass-forming liquids [J]. Journal of the American Chemical
Society, 1955, 77 (14) : 3701-3707.

[15] OLLEY P, MULVANEY-JOHNSOL L, COATES P D.
Simulation of the gas-assisted injection moulding process using
a viscoelastic extension to the Cross-WLF viscosity model [J].
Proceedings of the Institution of Mechanical Engineers, Part E:
Journal of Process Mechanical Engineering, 2011, 225 (3) :
239-254.

[16] %%, BEHME, KF=, %. EF Projection VOF J5iZAYIAIE
SRR BNI IR AUERIL )] $51&, 2023, 72 (2) : 107-
114.

[17] E38. EFMoldflowfICross-WLFFEERLIIAZS [1]. ¥4I T
A, 2020, 48 (7) : 47-50.

[18] SHI Xianzhang, HUANG Ming, ZHAO Zhenfeng, et al.
Nonlinear fitting technology of 7-parameter Cross-WLF viscosity
model [J]. Advanced Materials Research, 2011, 189-193:
2103-2106.

[19] #NEE, XFNE. FBET X Armijo SEIERN—ZEF0LLIR
EEEREWSUSE )] TREFFIR, 2003, 20 (1) :
14-20.

(%4t &M, lJdm@foundryworld.com )



